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Steady state of microemulsions in shear flow
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Steady-state properties of microemulsions in shear flow are studied in the context of a Ginzburg-Landau
free-energy approach. Explicit expressions are given for the structure factor and the time correlation function
at the one-loop level of approximation. Our results predict a four-peak pattern for the structure factor, implying
the simultaneous presence of interfaces aligned with two different orientations. Due to the peculiar interface
structure a nonmonotonous relaxation of the time correlator is also found.
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Self-assembling amphiphilic systems are binary or tern
mixtures with a surfactant forming interfaces between
other fluid components. These systems show a very
phase behavior with ordered and structured disorde
phases at different temperatures and relative concentra
@1#. Particularly interesting for the applications is the micr
emulsion phase where coherent domains of oil and wate
scales between 100 and 1000 Å form disordered isotro
intertwined structures on larger scales@2#.

While a satisfactory comprehension of the equilibrium b
havior of amphiphilic systems is now available@1# the dy-
namical features are far less understood. In particular, in
croemulsions, the existence of correlated mesosco
structures makes the effects of imposed flows very differ
than in simple fluids. Interfaces between oil and water
elongated in the flow direction and an excess stress app
in the system. This can give a peculiar dynamics with u
usual relaxation properties and a non-Newtonian rheolog
behavior@3#. Moreover, from a statistical mechanics point
view, complex fluids in external flow@4# are an interesting
example of an out of equilibrium driven system@5#.

In this Rapid Communication we study the behavior
microemulsions in shear flow with a continuum free-ene
approach similar to that used by Fredrickson and Larson@6#
for the study of rheology of block copolymers and by Onu
and Kawasaki@7#, Cates and Milner@8#, and Nakataniet al.
@9# for the critical properties. This approach is justified wh
the molecular relaxation times of the constituents are m
less than the time scales imposed by the flow field. Pa¨tzold
and Dawson first considered a Ginzburg-Landau model
describing the rheological behavior of ternary mixtures@10#.
However, the results of@10# are based on an evaluation
the structure factor obtained numerically or analytically on
in the limit of vanishing shear rateg. Here we solve in the
self-consistent one-loop approximation the model for a
value of g showing that in an intermediate shear range
structure factor is characterized by four pronounced peak
the plane of the shear and flow directions. This phenome
can be interpreted in terms of a complex spatial patt
where interfaces with two different orientations coexist; th
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relative abundance is tuned byg. Shear thinning is observe
at a characteristic shear rate of the order of the inverse
typical microemulsion relaxation times. We also consider
behavior of the two-time correlator. Due to the coupling b
tween the flow and the interface structure, this function ha
remarkable nonmonotonic behavior characterized by
presence of maxima preceding a fast asymptotic decay.

The Ginzburg-Landau free-energy generally used to
scribe the equilibrium properties of ternary mixtures is@11#

F $w%5E d3xH a

2
w21

b

4!
w41

1

2
~g01g2w2!u¹wu2

1
c

2
~¹2w!2J ~1!

where the scalar fieldw represents the concentration diffe
ence between oil and water components. The amount of
factant present in the system is related to the value ofg0
which can be negative, favoring the appearing of interfac
The term proportional toc makes stable the free-energy
large momenta and weights the curvature of interfaces.
quadratic part of the free-energy in the disordered phase
a.0 andg0

2,4ac gives a suitable description of the micro
emulsion phase; in particular the space correlation functi

G~r !;
e2r /j

r
sin

2pr

d
~2!

well fits the experimental data@12–15#. The characteristic
length d52p(1/2Aa/c2g0/4c)21/2 represents the size o
coherent oil or water regions which are correlated up to
distancej5(1/2Aa/c1g0/4c)21/2. At negativeg0, the struc-
ture factor obtained by Fourier transforming Eq.~2! has a
peak at a finite momentumkM5Aug0u/2c. Finally, the non-
harmonic terms in Eq.~1! describe the possible effects due
mode coupling and become more important in approach
the phase boundary.
©2001 The American Physical Society01-1
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The kinetic behavior of the mixture, neglecting hydrod
namical effects@16#, is described by the convection-diffusio
equation@17#

]w

]t
1¹W •~wvW !5G¹2

dF
dw

1h, ~3!

where the velocity field is given byvW 5gyeW x , g being the
shear rate andeW x the unit vector in the flow direction. The
stochastic termh is a Gaussian white noise, representi
thermal fluctuations, with zero mean and correlati

^h(rW,t)h(rW8,t8)&522TG¹2d(rW2rW8)d(t2t8), as required
by the fluctuation-dissipation theorem, where^ . . . & means
the ensemble average. HereG is a mobility coefficient andT
the temperature of the heat bath.

The cubic terms in the functional derivative of Eq.~3!
will be treated in the one-loop approximation, which d
scribes appropriately disordered phases. The resulting e
tion for the Fourier componentsw(kW ,t) is given by

]w~kW ,t !

]t
2gkx

]w~kW ,t !

]ky
52Gk2FX~k!1g2k2S0~ t !

1S b

2
S0~ t !1g2S2~ t ! D Gw~kW ,t !

1h~kW ,t !, ~4!

where X(k)5ck41g0k21a, Sp(t) ~with p50,2) are de-
fined self-consistently by the relations

Sp~ t !5E
ukW u,L

dkW

~2p!D
kpC~kW ,t !, ~5!

where C(kW ,t) is the structure factor defined a

^w(kW ,t)w(2kW ,t)& and L is a phenomenological ultraviole
cut-off. Starting from Eq.~4! a straightforward calculation
@10,18# give the dynamical equations for the various cor
lation functions@19#. We first focus on the properties of th
structure factor. Using the method of characteristics tht

→` expression of the structure factorC(kW ) can be calcu-
lated as

C~kW !5E
0

`

dz2GTKW 2~z!expH 2E
0

z

ds2GKW 2~s!@aR

1gRKW 2~s!1cKW 4~s!#J , ~6!

where KW (s)5(kx ,ky1gkxs,kz), KW 4[(KW 2)2, aR5a1b/
2S0

`1g2S2
` , gR5g01g2S0

` , andS0
` andS2

` are the limit for
t→` of S0(t) andS2(t).

Sincej andd are the physical quantities to be compar
with experimental data, the model parameters are tuned@10#
with the following procedure: We first calculate the one-lo
renormalization of the bare coefficientsa andg without shear
and express the correlation lengthsj and d in terms of the
04050
-
a-

-

renormalized parameters. Then, for a given choice ofj and
d, we invert the above mentioned relations and compute
values of a,g0 to be used in the case with shear. In t
following we show results for the casej57,d55. The other
parameters are set to the valuesc52, b5g25T51. Similar
results have been obtained for different choices of para
eters withd/j in the range between 0.5 and 2.5.

The effects of the flow onC(kW ) are shown in Fig. 1,
where the projections of the three-dimensional structure
tor on the planesky50 andkz50 are plotted at differentg.
At g50 the structure factor is isotropic and its shape on e
Cartesian plane is that of a circular volcano with radiuskM .
When shear is applied, the projection on thekx50 plane
gives the same results of theg50 case because the veloci
field is along thex direction. On thekz50 plane, instead,
this pattern is progressively distorted as the shear rate is
creased. For smallg ~see the caseg50.25 in the left column
of Fig. 1! the edge of the volcano becomes elliptical a
slightly depressed along thekx52ky direction. Asg is in-
creased four peaks are clearly observable, as shown in F
at g52 andg54. By increasing the shear rate, the maxim
located at kx.0 become comparatively more importa

FIG. 1. Projections of the structure factor on the planeskz50
~left column! and ky50 ~right column! at shear ratesg
50.25,2,4,8~from top to bottom!. The axis without label isky in
the left column andkz in the right column (23<ky ,kz<3). The
edge of the circular volcano atg50.25 is at aboutkM51.26.
1-2
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while the other peaks rotate clockwise and decrease t
amplitude linearly ing until they disappear. Indeed, in th
limit g→`, since terms proportional to powers ofgkx damp
the exponential term on the r.h.s. of Eq.~6!, only the maxima
of C(kW ) with kx50 survive. Figure 1 shows that this is a
ready observable forg58. Then, by lettingkx50 in Eq.~6!
we find the peaks located atky56kM . The description is
completed with the projection of the structure factors on
planeky50 shown in the right column of Fig. 1. Here tw
peaks atkx50,kz56kM , are observed to become sharp
and sharper as the shear is increased.

A peak ofC(k) is generally interpreted as the signature
a characteristic length in the system which is proportiona
the inverse of its position. In this case, since the system
not isotropic, to each maximum one associates three leng
one for each space direction. Due to the symmetrykW→2kW
only the peaks not related by reflection around the origin
be considered. For large shear the existence of a si
couple of maxima atkx50 signals that interfaces are aligne
along the flow. In the transverse directions the character
lengths are the same as without shear. For intermediate
ues ofg the additional peaks at (k̃x ,k̃y ,k̃z) reveal the pres-
ence of interfaces oriented with an anglea5arctan(2k̃x /k̃y)
with respect to the flow, besides those aligned along thx
direction. Asg is increased these features are progressiv
tilted in the direction of the flow while their relative abun
dance diminishes, as suggested by the behavior of
maxima withkxÞ0 previously discussed. The existence o
fourfold peaked structure factor has been also reporte
scattering experiments on segregating mixtures@20,21#.

Stretching of domains requires work against surface t
sion and results in an increaseDh of the viscosity@22#. The
excess viscosity is generally defined asDh5sxy /g with the
shear stress given by sxy52*@dkW /(2p)D#kxky(g

R

12ck2)C(kW ) @10#. In Fig. 2sxy is plotted as a function ofg.
For smallg, sxy grows linearly withg, as is also found in
Ref. @10#. This behavior is observed in correspondence o
structure factor similar to that shown in Fig. 1 atg50.25.

FIG. 2. Stress tensor as a function of the shear rateg.
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WhenC(kW ) develops four maxima atkz50 shear thinning or
decreasing ofDh is first observed:sxy keeps increasing with
a much smaller effective exponent consistent with the va
0.13. The characteristic valueg1 wheresxy changes its be-
havior can be related to the internal structure of a microem
sion in equilibrium. Indeed, relating the typical time scale
the system to the relaxation timetM of the mode correspond
ing to the peak of the structure factor@10#, it is straight-
foward to calculate thattM5(1/8Gc)$j2d2/4p2@(2p2/d)2

21/j2#%. For the choice of parameters in Fig. 2,tM51.37
close to the inverse ofg1, which is of the order 1. We have
found a similar relation also for other choices of paramete
For very largeg, when the peaks atkx50 alone survive,sxy
decreases to zero because the excess stress vanishes
the interfaces are aligned with the flow. A similar behavior
shown by the first normal stressN15*@dkW /(2p)D#(ky

2

2kx
2)(gR12ck2)C(kW ) @23#.
Next we consider the dynamical properties of the mic

emulsion phase. In the steady state the two-time correla
function D(kW ,kW8,t)5^w(kW ,t)w(kW8,0)&5D(kW ,t)d„KW (t)1k8…
@24# can be computed through

D~kW ,t !5C„KW ~ t !…expH 2E
0

t

GKW 2~s!@aR1gRKW 2~s!

1cKW 4~s!#dsJ . ~7!

D is the product of two terms: the structure factor eva
ated at the translated momentumKW (t) and an exponentia
term. For a givenkW5KW (0), KW (t) moves along theky direc-

FIG. 3. Behavior of the time correlation function~7! is shown
for the three values of the wavevector corresponding to the p
tions A, B, and C in the lower inset of the figure. The elliptica
shape in this inset represents schematically the contour plot of
structure factor in the planekz50. Solid, dotted, and dashed line
correspond respectively to the casesC, B, andA. In the upper inset
the exponential factor in the right-hand side of Eq.~7! is plotted for

the same three values ofkW .
1-3
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tion upward or downward depending on the sign ofkx , as
represented schematically in the lower inset of Fig. 3. The
fore, whenKW (t) crosses the edge of the structure fact
C„KW (t)… shows a pronounced maximum. This feature is
culiar to microemulsions, where the presence of interfa
gives the patterns of structure factor discussed above
cannot be observed in simple fluids. The exponential term
Eq. ~7! contains a polynomial oft and behaves a
exp(2Gg6kx

6ct7/7) for long times. However, due to the pre
ence of negative coefficients, the decay can be much slo
at earlier times, as can be observed in the upper inset of
3. In particular, one can show that an inflection point is d
veloped at tanu5kx /ky52gt in the sectors withkxky,0.
Other inflection points come out, even in the other sect
due to the negative value ofgR. Such a slow decay ca
preserve the observation of the maximum ofC„KW (t)… in the
full time correlator~7!. In Fig. 3 the behavior ofD is shown
for three typical values ofkW . In caseA, KW (t) does not inter-
sect the volcano of the structure factor so thatD decays
monotonously. When the edge ofC(kW ) is crossed once o
.
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-

z
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twice, as in casesB andC respectively,D is characterized by
a corresponding number of peaks. This rich behavior
never been described before to our knowledge and could
searched for in experiments@25#.

In conclusion, we have presented explicit expressions
the steady-state structure factor and the time correla
function of a Ginzburg-Landau model describing mixtures
oil, water, and surfactant in the microemulsion phase un
the action of a shear flow. The structure factor exhibits a f
peak pattern which implies a nonuniform orientation of i
terfaces with two preferred directions. The time correlat
reminiscent of the interface structure, shows maxima sup
imposed on a global decay. All these predictions can
tested experimentally and show that together with the eq
librium behavior also the dynamics of complex fluid is cha
acterized by a very rich phenomenology.

We thank Kenneth Dawson for discussions. F.C. and G
acknowledge support by the TMR network Contract N
ERBFMRXCT980183 and by PRA-HOP INFM~1999!.
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